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Solid propellants under tension loading dila[c si:nifican[ly.  Therefore, they may be nptly called dilatable
nlaterials. l’he anloulrrt  of volume dilatation depends not only on the extent of dcf’orlnntion,  but also on the type of
]Ilultiaxiai loading (i. e., axial ity). A volume-prcscrl’cd set of three invariant was previously introduced m a new set
of incicpendent  variables in the po[ential  function. Ily using the three vcrlulrie-prese rved invariant, the potcn[ia]
function could be separated into the dila[n(ion  part an(i the shear part. I:ur(her]norc, the dilatation part of [he
p~tential function was deterll~ined  and theory of dilatiorl was deveioped.  In this paper, the shear par[ of the po[en[ial
function is determined, using a new set of voit]rrle-prrscr~f  eci principal stretch ratios
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Solid propellants behave like binonlinear diiambic lnaterials, i.e., they dilate significantly under tension loading;
however, they arc almost incompressible under hydrostatic pressure. l’he dilatation comes rrtainly  from vacuoiar
formation between binder and particle. Initially, the solid propciiant is a highly filled, two-phase con~posite  with
binder and particies.  Ilowever,  under tension loaciing, dewettirrg  occurs and vacuoles are formed. Hence, the
pr-opeilant becomes a three-phase composite with an additional void phase that results in a iarge volume increase.
Moreover, the amount of volume dilatation depends not only on the extent of deformation, but also on the type of
multiaxirrl loading, i.e., axiality. (It has been observed that volume dilatation under uniaxial  tension is significantly
lower than that under equal biaxial tension). It behaves binortlinearly  at the onset of dewetting. Before the onset of
dewettirrg, it nlay be assumed to bc almost incompressible. After dcwetting, it becomes dilatobie. It has been shown
that a potential function exists which can determine the stress-strain response of solid propellant for different modes
of dcforlnation.  Since the propellant is dilatable, tile dilatation (volume change) shall be inciuded  in the
development of the potential function.

h the previous paper.[’1 a volume-preserved set of three invariants was introduced as a new set of independent
variables in the potential function. By using the three volume-preserved invariant, we were able to separate the
potential function into the dilatation part and the shear part. Fwthermore,  the dilatation part of the potential function
was deter] nined and the theory of dilatation was develc)ped,(  1 I Also in the subsequent paper, the shear part of the
potential function is determined in tern)s of invariant. {21 In this paper, the shear part of the potential function is
determined in terms of the volume-preserved principal stretch ratios. The purpose of developing the potential
function in terms of principal stretch ratios, in part, is due to the two approaches availabie in the cu~rcnt market of
the noniinear  finite eicrnent  computer codes, i.e., (1) the invariant approach, and (2) the principal slretch ratio
approach. Moreover, in this paper, twc~ approaches have been taken to develop the potentiai function in terms of

principal stretch ratios, i.e.,, (1) the analytical representation ( XpnA~n)  and (2), the numerical-graphical

representation. Detailed developments are presented berc.

In order to present the theory in an orderly fashion, a sutnn~ary of previous developments is presented in the
fc,ilowing sections.

* I“his work was carried OU[, in part, by the Jet Propulsion Laboratory, California lnstirutc  of l’ccbno]ogy. under a National
A:rorrarrtics and Space Adrninistrarion  con~rac[. Distribution is Iirnircd  [o US. Govcrnrncnr Agencies and [heir conrrac[ors:
Cri[ical Technology; October i993.



IL has been stated that propellants behave like binonlinem dila[ablc  materials, LJnder critical stress, dewcttirr~
c,ccurs, and the propellants change from a two-phase to n three-phase con]positc with an additional void pbasc.
Since [Ilc IIla(cri:i] i:; dilatable, the volurne-preserved invorian[s (1’1 , l’?, 1’3) are uscd for the developrllcnt Of the

tlheory.

In classical nonlinear elastic theory, the nonlinear s[ress-strain  equation is given by

(1)

where W = W (1 1, 12, 1s) is potential energy function d the three principal invariant 11, Iz, 13 arc given by

where ~ are the three principal stretch ratios.

Now, the volume-preserved inwrriants 1’1, 1’2, 1“3 are defined by

Through the chain rule, the nonlinear stress-strain equation bccornes 111

Tij ‘--~jj-
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where ~]ij is a left Cauchy-Green  strain tensor.

From the above formulation, one can deduce that the potential function, W, can be given by [ 1 I

where

(1B g(rl, r2) f $; =: dilatation part of the potential function

H (rl, ~z ) = shear part of the potential function

(3)

(4)

(5)

(6)

(7)
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=- the bulk rllOCilli  US

= an aniso(ropic  function to account for [he chon:!c in overall hulk n)odulus due to de forinaliorr

L~ V= a function of volume chan:c  - or)lyv~

Thus, for the complete determination of material, the functions II. f, g, and [he corlsranl  11 ha~rc  to be deterll]incci,

It is interesting to observe that by using volun]e-~)reserved  in~’ariants. 1,, one can cx~]ress [he norllincar stress-
stroin equa[ic)ns  uncicr uniforn) de forlll  ation in [I]rec distinct tyl]es:

Type 1: A general expression which irrcludcs  the sarlle or(ler-of-[ Iia:r)it(]cle  contribution florli  [he dila[a[ion

part and shem part of the potential function,

Type II: The trace of stress tensor provicles an expression whose sole contributor is the dilatation par[ ot’ [he
po(ential function.

Type 111: The difference between two principal stresses provides an expression whose nlfiin contributor is the
shear part of the potential function.

Because of the unique property of Type 11 equations, the dilatation part cjf the potential function was deterlnined
first (presented in 21 previous paper),i 11 Once the dilatation part of the potential function is determined, one can
]proceed to use a Type III stress-strain expression to determine the shear part of the potential function because, in a
Type 111 expression, the contribution of the shear part of the potential function is predominate in the stress-strain
(equation.

Furthermore, in order to assess the internal consistency of the potential energy function, the dilatation and shear
!part of the potential energy functions (which are obtained independently) are substituted into the general expression
of Type I, where this expression provides the same order-of-magnitude contribution from both the dilatation and the
shear part of the potential energy function. It is shown that the total potential energy function describes the
nonlinear biaxial response quite well.

In the following, the explicit expressions of stress-strain are given for the three types of equations:

Potential energy function: W=B g(rl, r2)f(r31/2  -l)+ ll(rl, r2)

Tll =  - - - -
[ (
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(8)

wilere  I]ij is a left C.auchy-Green  strain tensor.
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(9)

(lo)

In order to determine the volume change  due to stress and strain fields, one first deterlllines the ciila[ation part of
the potential function in Eq. (6). It is interesting to note that by toking the [race  of Ilq. (4), one obtains:

(11)

which exclusively relates the trace of stress to the dilatation potential function. Therefore, we shall take advantage

[ 1
of the simplified relation to determine the functions of f ~ , g (1’], 1’2), and the constant H.Vo

Expressing Eq. ( 1 1) in terms of principal stresses for various uniforln deformations, one has:

3-D: General Arorrcqual Triaxial l“ension

1“1 I + T22 +T33—.— . . =
3 ( )

B g(r,, r2)f’ ~

3-D: Uniform Triaxifll 7knsion

( :)T =13 f’ $: ,[g(3,3)  =: 1]

2-D: Noneqml Biaxial Tension

111 +T22—— .— =
3 [ )

El g(rl, r2) f’ ~

2-D: Equal IJia.rial Tension

2TER

( )
—-!- = II g(l’1,1’2)  f ’  ~

3

(12)

(13)

(14)

(15)



(’ ‘Iv\
]n [he p r e v i o u s  paper, til wc USd [hc  above  equalions [0 dc[cr[rlinc  f u n c t i o n s  f - 1. ~ (]’1 , I’2), arid [he

[)V()

constnn[  11, which arc given by the following cxplici[ fc)rins:

11 == 287.69 psi,

(16)

where }] is an induced bulk modulus after dewet[irl~,  anti was obtained for the very first tirile for the solid
propciian[s.

In the next section, the shear par[ of the potential function will be cieterl[lined  using the I’ypc III stress- sttain
expression.

As mentioned previously in the modeling apploach, we first determined the dilatation part of the potcntiai
function, using a Type 11 stress strain expression. After the functions g and f have been determined, the shear part of
the potential function H will bc determined. In the previous papcr,121 11 ,wm determined in terms of voiumc-
preserved invariant lrl and 1-]. Now H wili bc cictemlined in terllls of the stretch ratios. Moreover, the stretch ratio
approach can be implemented by two methods: ( 1 ) the analytical function representation, and (2) the numericai-
~raphicai represerrta[iorr. In fact, the numerical-graphical approach provides a much more powcrfol  and realistic tool
to determine the potcrrtiai function, using a simple recursion formuia.

1’o nlodel the shear part of the potentiai  energy  function, }1, in te.rnls of the principai  stretch ratios, it is

necessary to use the voiume-preserved stretch ratios.
(~:=’k’ ).1;6 as indcpcmicnt  variabies, i.e.. }1 (A:, $, A;). It is

because, from the derivation of the general potentiai  energy function in terms of new
shali be constant under unifor[n tensic~rr or compression. LJndcr these conditions,
constant and the condition of }1 as constant is automatically satisficci.

invariants I’i, it is found that 11
[he invariants 1’1 and I’~ are

l’herefore,  if H expressed in terms of voiume-preserved stretch ratios, then the constancy of ~1 under uniform
tension or compression is automatically satisfied also. Furthcnnore, to fonnuiate 11 in terms of k:,  an.assumption of
separate and symmetric function is proposed, i.e., H (L*, I*, A*) = h (A*) + h (A*)  + h (X*).  The equation inlplies

i 2 3 1 2 3
that once the function h (~~) is determined, the function H (A;, k;, k:) is aiso determined. As nlentioned before, to

determine the function h (k;),  two approac}les are empioyed. One is to use expiicit analytical expression. The other

is to use a recursion fonnuia derived from uniaxiai and equal biaxiai expression which dctennine  the function h (X*)
in nunlerical.  graphical form from the uniaxiai and equal biaxiai data. A detailed mathematical derivation is given
for both approaches.

Now, the poten[ial  function expressed in terms of [hc voiul[~c-preserved  stretch ratios is given by



.

w here

A:+ + ?.:
1’,=- - - =  A*2+ A*7+ L*3

113 123

(18)

(19)

(20)

i. e., the dilatation part of the potential function can bc expressed in ter[ns of L: through 1“1, I“z. and I’~. In order to

separate the contribution from the dilatation part of the potential function for the stretch ratio expression, wc use the
following expressic)n  in uniform and homogeneous deformations,

1 aw
‘ H  =  i2k3  rnl

1 aw. -. .—
3’22 = i1A3 aA2

_] aw
’ 3 3  = A,A2 5X3

where

=> awJ “122= 12 ~L2

awJ “1’33 = 13 ~~-
3

(21a)

(~lb)

(21C)

Substituting the potential energy function, Eq. (18) into the stress-strain Eq. (21)  and subtracting Eq. (21a) from
(21 b), or (2 lb) from (2 lc), elc. (which is Type 111 representation), one has

(21d)

where ii and ~ are not summation signs.

(22)
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For simplicity, one writes

alI
J-l’ii - J’l;j = Aij + ki~;, - ~. :

I
J dk

J

where

which are the contributions from the dilation pnrl of [he potential energy function.

I;or  the function H(L~),  one can express through the chain rule

Therefore

Also with a separate, symmetric function h(k~), one has

(23)

(~d)

@5)

(26)

(27)

The next step is to determine the contribution from the dilatation part of the potential energy functions for
ciifferent type of deformations, which is expressed by the function Aij. By subtracting the experimental stress data,

Tii, from Aij, one obtains the contribution from the shear part of the potential function which is denoted  as A~ii. In
the following, various deformations such as uniaxial tension, equal biaxial tension, and other biaxial tension are
illustrated,

For various deformations, the contributions from the shear part of potential energy function ATii are:

or

where AT, ~ u is the ~contribution from the shear part of potential energy function.

(28)

(29)
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or

(31)

(32)

J T22 = A23 + :$ h’ (~*) - k: h’ (?L;) (33)

m

(34)

(35)

All ATii data fcm uniaxial, equal biaxial, and other biaxial defcmnations  are presented in Table 1.

Using the data in Table 1, the function h(~~)will  be determined in terms of (a) the analytical type of
representation, or (b) the numerical-graphical representation.

(36)

By nonlinear curve fitting to the data,’one  has the constants ~n and an, where n = 3 is sufficient to describe the
response. The various constants are shown in the following

E-l-i
— . . .. —— . . .

Coefficients.
a l 1

___ a2 2
a3__L  __ .> . . . . . . ______

P 1. . . . _.. .. W3!;[7?623
-. K.... _ ____ 4:4@_59922_..

13 --304.8057043—-.—, -—-

. . ,

The comparison of calculated and measured data of ATii are shown
uniaxial, equal biaxial, and other biaxial deformations. The. prediction is reasonably good!

from Figs. (1) to (6), respectively, for



(2) flqual biaxifl!.tensicln:

(3-I)

(38)

(39)

(40)

From Eqs. (39) and (40), one observes that by re~]lacing A* with A
*114

[n Iiq, (40), and subtracting [he resulting
equation from Eq. (39), one obtains

A*}I’ (A*) - x
*1/4 ,

h (L’1’4 ) = F(k*) - ci(l*]’4)

Ily repeatedly replacing A* with 1
*114

and subtracting the previous equation, one obtains

() r=J*(’’4)’’)G[k*(*4)(n)+*)11)ll

L“h’ X* -h’(l)=  ; F ~

(41)

(42)

Thus one can obtain h’ (L*) numerically frcjm the uniaxial ancl equal biaxial tension data, using the recursion
fcmnula  Eq. (42).

‘ l;lJ of the eclual biaxial data is shown in Fig. 8. Ry using theATii” of the uniaxial data is shown in Fig. 7. Alii

recursion formula in lEq. (42), one obtains the graphical representation of h’ (A*), which is shown in Fig. 9.

l-o check the validity of the graphical form h’, the measured data and
w-riaxial, equal biaxial, a = 26.5° and a = 5.7° response as shown from Figs.
is quite good.

!X2NCIJJSQNS

the calculated data are compared for
10 to 15, respectively. The prediction

\
It has been shown that, although the nonlinear response of the solid propellant is quite complex. it can be

adequately described by the nonlinear theory of dilatable materials using a new set of volume-preserved invariant,
I-i, The dilatation part and the shear part of the potential functions can be determined separately by this method,
which provides a very powelful  tool to attack the problem. If one follows the classical nonlinear theory of elasticity,
using the first principal invariants, II, 12 and 13, it is easy to get lcmt in determining the potential function with these
three independent variables. If one resorts to using brute force by expanding W in terms of II, 12, and 13 with many
higher order terms, it would be difficult - if not impossible - to deterlnine the W. Our method not only provides
effective ways to solve the problem, but also provides a clear physical picture of the potential function in the role of
overall stress-strain response.



In this paper,  the shear part of the poten[ial function in terrrls  of the volurric. preserveci stretch Iatios

l; = –~~-  (i = 1,2,3) is detcrminecl. This effort to use two SC[S of variables (i.e., the volullle-preserved invariant 1-]
,.1/6

3
and the volutne  -preserved principal stretch ratios) is, in part, due 10 t}]e existence of two types of nonlinear finite -
clerllent computer codes, which are now available on the nmrkct and which were developed in terms of either
principal invariant or principal stretch ratios.

]{rj]’mIw2Lis
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